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Abstract In this work, we use numerical simulation and linear inviscid theory to
study the thermodynamic field generated by the interaction of a shock wave with
homogeneous isotropic turbulence. Fluctuations in density, pressure, temperature and
entropy can play an important role in shock-induced mixing, combustion and energy
transfer processes. Data from shock-captured direct numerical simulation (scDNS)
is used to investigate the variation of thermodynamic fluctuations for varying shock
strengths, and the results are compared with linear interaction analysis (LIA). The
density, pressure and temperature variances attain large values at the shock, followed
by, in general, a rapid decay in the downstream flow. The rapid variation behind the
shock makes it difficult to compare numerical results with theoretical predictions.
A threshold method based on instantaneous shock dilatation is used to overcome
this problem, and it gives excellent match between scDNS and LIA. We find cases
with non-monotonic variation with Mach number as well as local peaks in density
fluctuations behind the shock. These are explained in terms of the contribution of the
post-shock acoustic and entropy modes in the LIA solution and their cross-correlation.
Budget of the transport equations reveal interesting insight into the physics governing
the thermodynamic field behind the shock wave. It is found that the variances are
primarily determined by the competing effects of dilatational and dissipation mech-
anisms. The dominant mechanisms are identified for a range of conditions and their
implication for developing predictive models is highlighted.
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1 Introduction

Shock waves are characteristic features in high-speed compressible turbulent flows,
specifically in the supersonic/hypersonic flow regime. In aerospace applications, the
effect of shock waves on the turbulent features in a supersonic boundary layer is
usually studied to understand the physical mechanisms responsible for boundary layer
separation, increased heat transfer and high surface pressures, each of which are unique
engineering problems. The interaction of free turbulence with a planar shock wave
is a similar problem of interest, rich with physical insights on the effects of shock
on turbulence and vice-versa without additional complexities such as mean shear,
streamline curvature and wall effects. Shock-turbulence interaction has implications
in a variety of applications, to name a few, supersonic/hypersonic propulsion systems,
inertial confinement fusion, shock wave lithotripsy, and astrophysical shock waves.
In this study, we focus on the interaction of a homogeneous isotropic turbulence
interacting with a nominally planar shock wave, which is the most basic form of
shock-turbulence interaction.

Initial studies of shock-turbulence interaction were theoretical, mostly employing
linear analysis and were based on the Kovdsznay’s decomposition of turbulence [23].
The theory aptly called as the linear interaction analysis was developed by [38] and
[45] to analyze the interaction of acoustic and vorticity waves respectively with an
unsteady normal shock. The theory was later made use of by many researchers to study
problems involving shocks and free turbulence [31,29,30,35,37,36,9,11,56,18,17].
Recently, [43] studied the interaction of purely vortical turbulence with a normal
shock using LIA and data from the DNS of [26] for understanding the turbulent
heat flux correlation. The linear theory has been used towards development of simple
turbulence models which represent the underlying flow physics [51,50,41].

A number of physical experiments utilizing grid-generated turbulence interacting
with a normal shock have been carried out [15,19,16,3,2] to study the underlying
mechanisms responsible for amplification of turbulent kinetic energy (TKE) and
the modification of length scales across the shock; purely driven by the need to
understand mixing enhancement across the shock and shock wave/turbulent boundary
layer interaction (SBLI). Several numerical simulations have been carried out to study
the canonical shock-turbulence interaction problem due to its geometric simplicity and
rich physics. Shock-resolved simulations (viscous shock-profile is resolved) [31, 29, 20,
48,34], shock-captured simulations (shock-profile is numerically estimated) [14,30,
36,27,26], and shock-fitting simulations (shock thickness is neglected by specifying
Rankine-Hugoniot conditions) [49,44,55] have been carried out to study this problem.
The focus has been to understand the amplification of TKE and enstrophy, reduction
in length scales, and enhanced anisotropy in post-shock Reynolds stresses.

Compressible turbulent flows are characterized by appreciable changes in thermo-
dynamic quantities such as density, pressure and temperature fluctuations, which can
be drastically amplified / altered on interaction with shock waves. The importance of
understanding the thermodynamic fluctuations is well known as they play a major role
in turbulent mass flux, sound generation, turbulent heat flux, and most importantly,
in the turbulent transport of energy between internal and kinetic energy components
[33]. For example, in the process of inertial confinement fusion, the mixing of fuel
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layers is aided by the Rayleigh-Taylor instability (RTI) or the Richtmyer-Meshkov
instability (RMI) of the interface between two fluids (as the case maybe), induced
by the traveling shock wave. The amount of density variations describe the turbulent
mass flux in the interface which in turn determines the degree of mixing between
the fluids. In a similar way, the density variations in the interstellar medium due
to accelerating astrophysical shocks (induced by supernovae explosions) is widely
studied to understand the evolution of various cosmic phenomena (see [57,1] and
related works). An understanding of the generation of pressure fluctuations behind
the shock in a supersonic over-expanded nozzle (e.g., rocket nozzles of space vehicles)
is necessary to mitigate jet noise. In a similar vein, temperature fluctuations (and its
gradients) determine the localized surface heat transfer rates at shock impingement
point in aerospace vehicles.

The majority of earlier works have focused on velocity fluctuations and its related
statistics with limited and sparse data on thermodynamic fluctuations. Lee et al.
performed shock-resolved DNS (srDNS) [31,29] at low Mach numbers (1.05 - 1.20)
and shock-captured DNS (scDNS) [30] at high Mach numbers (2 and 3) to study
the amplification of turbulence behind the shock. They found that the post-shock
thermodynamic state is nearly isentropic for the weak-shock interactions and follow a
polytropic (and non-isentropic) scaling for strong interactions. They also studied the
budget of terms in the density equation, and found that its evolution behind the shock
is dominated by the correlation between density and dilatation fluctuations. Mahesh
et al. [37,36] also observed similar amplification of thermodynamic fluctuations
across the shock for Mach numbers of 1.2 to 1.8, followed by a rapid decay behind the
shock. They also found qualitative agreement between LIA and numerical simulations.
Additionally, they studied the effect of upstream entropy fluctuations on the post-
shock turbulence. Recently, Tian et al. [54] studied the interaction of a Mach 2 shock
wave with isotropic turbulence with (multi-fluid) and without (single-fluid) variable
compositions. They compared the conditional expectation of density, pressure and
temperature fluctuations amongst each other, and found isentropic scaling. In all of the
above shock-turbulence interaction (STI) studies, there are no rigorous comparisons
between LIA and numerical simulations for the post-shock thermodynamic field,
especially for strong shock waves. This work aims to study the amplification of
thermodynamic fluctuations across strong shocks and make qualitative as well as
quantitative comparisons between LIA and numerical simulations to highlight the
predictive capabilities of LIA.

The objective of the present study is to perform a detailed investigation of the
thermodynamic aspects of the canonical shock-turbulence interaction. We study the
generation of density, pressure, temperature and entropy fluctuations across a shock
wave. Studying the four thermodynamic variances will also help explain the behaviour
of related quantities, like the turbulent mass flux (p’«;) and turbulent heat flux (A'u;),
in the flow. Our aim is to fill in the gaps in existing literature, specifically in the high
Mach number regime, and to investigate the physics that govern the thermodynamic
field behind the shock. We use the extensive sScDNS dataset of [26] covering a wide
range of Mach numbers, and complement it with additional simulations performed
as part of the current work. A wide range of Mach numbers, from low supersonic
to hypersonic values are considered. The results are compared with the predictions
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from linear interaction analysis. Kovdsznay mode decomposition of the LIA solution
and the budget of transport equations computed using simulation data are used in a
complementary way to bring out the dominant physical mechanisms. We will thus lay
the foundation for developing advanced physics-based models for shock-turbulence
interaction, similar to those in [50,51] and others.

The paper is organized as follows: Sect. 2 introduces the reader to the numer-
ical methodology followed in the current work with verification of the numerical
simulations. The salient points of the linear interaction analysis are also described
briefly. Sect. 3 presents extensive comparison between the LIA predictions and the
data obtained from the current numerical simulations, as well as those of [26]. The
thermodynamic variances are plotted as a function of distance from the shock for dif-
ferent Mach numbers, and as a function of Mach number at different spatial locations.
The rapid variation of the thermodynamic variances behind the shock makes it diffi-
cult to do a meaningful comparison between theory and simulation. These challenges
are alleviated by a new threshold method of computing statistics, conditioned on the
instantaneous shock location in the numerical simulations. It is based on the concept
of near-field in the LIA solution and it shows excellent match between simulation and
theory for a range of Mach numbers.

Decomposing the disturbance field into Kovdsznay modes of vorticity, entropy
and acoustic can provide interesting insight. This proved to be useful in analyzing the
peak turbulent heat flux generated by a shock wave in [42], and in developing physics-
based model for the same (in [41]). Here, we use Kovdsznay mode decomposition
to investigate the post-shock evolution of the density and temperature variances. We
also compute the budgets of the transport equation for the thermodynamic quantities,
using the simulation data generated as part of this work in Sect. 4. The two together
help us to identify the dominant physical mechanisms in the flow, and we discuss their
modeling implication in Sect. 5. Conclusions are presented in Sect. 6.

We consider a purely vortical incoming turbulence in LIA and mostly vortical with
minimal compressible fluctuations in the numerical simulations. The case of vortical
upstream turbulence is the most fundamental of all shock-turbulence interactions,
and is taken as a starting point for other cases with acoustic or entropy fluctuations
upstream of the shock wave. Grid-generated decaying turbulence in the experiments of
[19,3,2,22] and many other turbulent flows such as supersonic wall boundary layers
(see [39] and related articles) comprise of vortical and acoustic fluctuations. The
flowfields with very low M, are dominated by vorticity fluctuations, and the effects of
compressibility are found to be weak [52].

2 Methodology

We present the details of the numerical method, along with the initial and boundary
conditions; they are based on previous work by [26]. The test cases of canonical
shock-turbulence interaction computed as part of the current work and a detailed
grid refinement study are also presented. Post-processing of the simulation data is
described and a new threshold method to compute thermodynamic variances close
to the instantaneous shock wave is proposed. This is followed by a brief outline
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of the linear interaction analysis and the Kovadsznay mode decomposition of the
thermodynamic field generated by the shock interaction.

2.1 Numerical simulations

The compressible Navier-Stokes (NS) equations are solved for a perfect gas with
ratio of specific heats y = 1.4 and zero bulk viscosity. A linear constitutive equation
with Stoke’s hypothesis is used for relating the viscous stresses to the strain rates,
oij = 1 (Oxuj + 6xju,~ —2/3 0x,,um 6;;) and Fourier’s law is used for the heat flux,
qj = —k Ox;T. Viscosity is assumed to follow a power-law with temperature as y =
Uref (T/Trep)?* (cf. [26] for the expressions). Einstein convention is used for the
vectors (and tensors) where the subscripts i = 1, 2, 3 correspond to components in
X1, X2, x3 directions respectively.

The governing equations are solved using the solution-adaptive finite difference
Hybrid code [4], which uses a fifth-order WENO scheme with Roe flux-splitting
around the shock and a sixth-order central scheme in the “split” form of [8] in the
remainder of the domain. The viscous term is computed in a way that is conservative
yet has the resolution characteristics of a sixth-order scheme. A shock wave is iden-
tified as the region where the negative dilatation is greater than the low pass-filtered
vorticity magnitude, i.e., where —0y,u; > +/@w;w;. The system of equations is inte-
grated in time using a fourth-order accurate explicit Runge-Kutta (RK4) scheme. This
numerical procedure has been verified and validated on several problems of interest
[21,27,26]. Further details about the code can be found in [27,4] and in [26].

We use the notion of Favre averages (density-weighted) for all quantities from
the numerical simulations except for p and p. The Favre averages are defined as f
and the associated fluctuations are denoted by double primes (e.g., f”’). Reynolds
averaged quantities and their fluctuations are denoted by an overbar and single prime
respectively.

A homogeneous isotropic turbulence field is generated as per the method given in
[27]. The initial fields have decaying velocity spectra of the von Karmén form [25]
with peak energy at wavenumber ko = 4. Compressible fluctuations are added using
the “pseudo-sound” relationships provided in [46]. The isotropic databases decay in
time till ‘realistic’ turbulence is obtained, as determined by having decaying enstrophy,
velocity derivative skewness settled around —0.5 and an increasing dissipation length
scale. The resolution of the resulting database is ensured to satisfy the criterion
kmaxn = 1.5 [27,40], where n is the Kolmogorov length scale and k4 is the
maximum possible wavenumber. Multiple databases are blended using the method
of [24] to form a longer turbulence database. Finally, Taylor’s hypothesis is used to
specify the homogeneous isotropic database as the time-dependent inflow turbulence
for the canonical shock-turbulence interaction problem.

The blending procedure has a very small effect on the realism of the turbulence,
and changes the root-mean-square (rms) values of the thermodynamic fluctuations
by less than 1% and that of the dilatational fluctuations by 2%. The assumption of
Taylor’s hypothesis when convecting the inflow database into the domain introduces
much larger errors since it is inaccurate for the acoustic waves [28]. For example, it
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increases the rms of the thermodynamic fluctuations by 5% and that of the dilatational
fluctuations by 25%. However, the resulting turbulence is still 99% vortical with only
a minimal amount of thermodynamic and dilatational fluctuations. The turbulence
database is found to have the following parameters: turbulent Mach number M; 45 =
0.155 and Taylor microscale Reynolds number of Re, 4, = 34.

2.1.1 Simulation parameters

Simulations of four different upstream Mach numbers (M, = 1.23,1.50,2.50 and
3.50) have been carried out in the present study with constant turbulent Mach number
of M;, = 0.15 and Taylor microscale Reynolds number of Re,, = 33. Additionally,
the comprehensive statistics from the dataset of [26] with M,, ranging from 1.27 to 6
for varying upstream turbulent Mach numbers (0.15—0.38) and Taylor-scale Reynolds
numbers (40 and 75) are also used when presenting the results. Subscripts u and d
denote upstream and downstream states respectively.

Figure 1 shows the schematic of the computational domain with the shock-normal
direction aligned with the streamwise direction (x;). The computational domain
is koLy, = 9 long in the streamwise direction with the shock initially placed at
kox1 = 1n, and is of length koL, = koLx, = 8 7 in the shock-parallel directions. An
optimized numerical sponge is attached at the end of the domain to gradually dissipate
the spurious oscillations from the outflow. A non-reflecting boundary condition is
used at the outflow along with periodic boundary conditions for the shock-parallel
directions (x; and x3). A back pressure controller as per the method provided in [27]
is also employed to adjust the mean shock position. The mean shock drift speed,
us < 0.0002u;,, for all cases in the present study.

L.,

Homogeneous
turbulegnce ! Inflow  Shock Sponge

plane  front region

Fig. 1 A schematic of the shock-turbulence interaction computational domain used in the numerical
simulations

The computational grid is stretched in the shock-normal direction to facilitate finer
grid sizes near the shocks and relatively coarser sizes away from the shock. A uniform
grid spacing is used for the shock-parallel directions. The grid sizes are varied to
ensure that the anisotropically compressed post-shock turbulence [27] is captured as
the shock strength varies between the cases.
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Table 1 provides the necessary details on lengthscales and the grid resolution for
all of the cases including the cases considered in grid convergence tests (discussed in
Sect. 2.1.2). The upstream shock-turbulence intensity given by M; ,,/(M, — 1) varies
from 0.65 to 0.06 which shows that the M,, = 1.23 case is in the ‘broken shock’ regime
and the remaining cases are in the ‘wrinkled shock’ regime [6,7,26]. The reduction
in Kolmogorov lengthscale is described with respect to the numerical shock thickness
(6,,) [54] in the sixth and the seventh columns of the table respectively. The pre-shock
Kolmogorov lengthscale varies from 0.7 — 1.3 times the numerical shock thickness
for the cases considered here and the post-shock Kolmogorov lengthscale is about
half the numerical shock thickness. The normalized Kolmogorov lengthscale, k;,,qx77
is usually taken to be > 1.5 to resolve small-scale turbulence [40]. The post-shock
Kolmogorov lengthscale based on the largest grid size among all three directions
defined as (kjmax)min [54] (eighth column in the table) is satisfied for the low Mach
number cases (M,, = 1.23 and 1.50) and is marginally less for the high Mach number
cases of 2.50 and 3.50.

We show by a detailed grid convergence test (Sect. 2.1.2) that the chosen grid
sizes for each of the case are sufficiently resolved for the statistics considered here.
In all the cases, the ratio of the post-shock dissipation lengthscale to the Kolmogorov
lengthscale (Le, q/n4) is > 40, which is sufficiently large enough to resolve the large
scale quantities [26], such as Reynolds stress. The last column provides the ratio of
upstream Kolmogorov lengthscale (17,,) to the viscous shock thickness (d) [48] which
provides an estimate for the difference in grid-spacing resolution between the shock-
captured simulations in the current study and their corresponding shock-resolved
simulations. The ratio of numerical shock thickness to the viscous shock thickness in
the post-shock region is approximately 3 for the low Mach number cases and 10 for
the high Mach number cases, assuming that the viscous shock formulation can also be
applied to the stronger shocks. The statistics for the current simulations are computed
by averaging over a time period of one flow-through time of the turbulence database
(Tap), which is 8 isotropic boxes long.

2.1.2 Verification

Grid convergence test for various statistics has been carried out for the case of M, =
1.50 and 3.50 with M;, = 0.15 and Re,, = 33 using grids varying from 256 to
512 grid points in the shock-parallel directions. Larsson and Lele [27] noted that the
Kolmogorov lengthscale decreases behind the shock due to the increase in the viscous
dissipation rate, which implies that the grid size behind and at the shock should be
refined sufficiently to resolve the shock-modified turbulence. The grid aspect ratio
(GAR) at the shock (given by Ax; s/Ax2;3) has been varied to resolve the reduction
in Kolmogorov lengthscale behind the shock. In the present work, the GAR at the
shock is estimated using the relation n4/n, = (Ta/T.)* 3 (palpu)™" = Ax15/Axa3
provided in [27]. Recently, Tian et al. [54] computed the numerical shock thickness
as 0, = (u1,, — u1,4)/10u1/0x1|max, and noted that there are no significant errors in

# Ratio of viscous shock thickness to Kolmogorov lengthscale, 65 /17 ~ 7.69M; .,/ (\/ReA,u (M, — 1))
[48]. This formulation is not valid for M,, > 2 [53]
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Table 1 List of cases simulated in the present study including the cases considered in grid convergence
tests. Axy /3 is the transverse grid spacing, Axj g is the shock-normal grid spacing at the shock, 8, is the
numerical shock thickness, 8 is the viscous shock thickness and 77 is the Kolmogorov lengthscale. Note
that k,,, 4 x is based on the transverse grid-spacing. Cases denoted by bold characters are the finalized cases
used for presenting the results

Case M, WM+” Grid A)52/3/Axl,s u/On Nalon (kmaxMmin Mu/6s*
u
1.23 123 0.65 882 x 3847 1.66 0.71 0.57 2.38 1.11
1.5a 1.50 0.30 695 x 2562 2.00 0.55 0.36 1.30 2.44
1.5 1.50 0.30 522 x 3842 1.00 0.45 0.30 1.98 2.44
1.5¢ 1.50 0.30 1042 x 3842 2.00 0.95 0.61 1.91 2.44
1.5d 1.50 0.30 1566 x 3842 4.00 1.69 1.08 1.90 2.44
1.5e 1.50 0.30 1390 x 5122 2.00 1.15 0.75 2.55 2.44
250 2.50 0.10 1142 x 3842 2.50 1.18 0.56 1.40 7.14
3.5a 3.50 0.06 875 x 256% 3.03 0.72 0.33 0.90 12.5
3.5  3.50 0.06 658 x 3842 1.51 0.64 0.30 1.39 12.5
3.5¢ 3.50 0.06 1313 x 3842 3.03 1.30 0.58 1.32 12.5
3.5d 3.50 0.06 1844 x 3842 6.25 2.50 1.11 1.30 12.5
3.5¢ 3.50 0.06 1750 x 5122 3.03 1.36 0.61 1.71 12.5

the post-shock statistics when the numerical shock thickness is 1.4 times smaller than
the Kolmogorov lengthscale. Boukharfane et al. [5] used grid spacing which is 4 — 8
times smaller than 7,, at the shock, and found similar results as in [54]. We show by
a thorough grid refinement test that these values are not universal, and are dependent
on the numerical methodology adopted.

Figure 2a shows negligible differences (= 2%) in the post-shock values of the
Kolmogorov lengthscale as the grid spacing is refined in the shock-normal direction.
Figure 2b shows the ratio of Kolmogorov lengthscales as a function of shock strength
obtained from the numerical simulations which closely follows the estimate obtained
using the expression given in [27]. We observed that the estimate given in [27] to
be sufficient (with a variation of 10%) for determining the required grid spacing
in the shock-normal direction a priori. However, the importance of a thorough grid
refinement test cannot be understated.

Figures 3 and 4 shows the grid convergence of statistics of interest for the case of
M, =3.50, M;, = 0.15 and Re,, = 33. The large-scale features such as Reynolds

stresses (Ryq = ululy) and small-scale features such as the transverse vorticity vari-

ances (wjw}) and the dissipation rate of TKE (e = 07;;0y;u;") are shown in Fig. 3. The
grid convergence of the thermodynamic variances are shown in Fig. 4. The maximum
difference in various statistics between grid sizes mentioned in 3.5¢, 3.5d and 3.5¢ is
found to be < 2%. We find similar error values (< 2%) between cases 1.5¢, 1.5d and
1.5e (not shown). The corresponding case from Larsson et al. [26] is also plotted for
the available Reynolds numbers of Re, , = 40 for comparison. There is a clear effect
of the shape of the upstream turbulence energy spectrum in the region kgx; < 6. The
reader is referred to [43] for more details on the effect of upstream turbulence energy
spectrum.

We present the results from the cases of 1.23, 1.5¢, 2.5 and 3.5¢ provided in
Table 1 only in the subsequent sections. We found that the present numerical method
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Fig. 2 Variation of the Kolmogorov lengthscale ratio (174/7,,) (a) as a function of the shock-normal
direction for the cases mentioned in Table 1: 1.5b (solid line with squares), 1.5¢ (solid line), 1.5d (solid
line with circles), 3.5b (dashed line with squares), 3.5¢ (dashed line), 3.5d (dashed line with circles). The
vertical lines around kgx| = 0 show the mean shock thickness for each of the cases where the Mach 3.5 case
has the shortest thickness, and (b) as a function of the upstream Mach number with symbols representing
the values from the numerical simulations and the solid line represents the estimate for 774/7,, given in
[27]

produces very thin numerical shocks with refinement in the shock-normal grid spacing
but very less changes in the post-shock turbulence. In a similar vein, we find the cases
1.5¢ and 3.5¢ to be grid-converged with the cases 1.5d, e and 3.5d, e respectively,
though the former does not meet the scale separation criterion (/6, > 1.4 [54]).

2.1.3 Statistics at the instantaneous shock

The different statistics presented in Figures 3 and 4 are computed at fixed x; by aver-
aging over the transverse planes for a number of flow realizations. This conventional
averaging gives a mean shock thickness determined by the unsteady oscillations of the
shock. The turbulent statistics computed in the region of unsteady shock is governed
by the Rankine-Hugoniot jump values across the unsteady shock wave. Larsson et al.
[26] showed the contribution of the unsteady shock oscillations for the shock-normal
Reynolds stress to be very large inside the shock. This effect is also seen in other
statistics and the values are found to be large if one would compute them at the edges
of the mean shock. By comparison, statistics conditioned by the local position of the
instantaneous shock wave, is unaffected by the shock oscillations.

We employ a novel method to compute statistics at the instantaneous shock lo-
cations instead at the edge of the mean shock location. A threshold value based on
the instantaneous dilatation is used to identify the shock thickness in the flowfield.
This is similar to the dilatation-based shock-sensors used in the simulation, but in a
much simpler form. A threshold value of 1% of the most negative dilatation in an
instantaneous flow field is used (see Fig. 5b) to identify the bounds of the shock (xf;, w
xi ’ d). The instantaneous numerical shock thickness is much smaller than the mean
shock thickness (see Fig. 5a) defined by (X, X5,4). The post-shock statistics are then
computed by obtaining values at the downstream edge (xé &) of the instantaneous
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Fig. 3 Grid convergence for the case of M,, = 3.50, M; ,, = 0.15 and Re, ,, = 33 on the grids 875 X 2562
(dashed), 6583842 (dash-dotted), 1313 x3842 (solid), 1844 x3842 (x symbols), 17505122 (dash-double
dotted): (a) shock-normal Reynolds stress; (b) transverse Reynolds stress; (c) transverse vorticity variance;
(d) dissipation rate of TKE. All the quantities are normalized by their corresponding values upstream of the
shock. Corresponding data from [26] for the case of M,, = 3.50, M, ,, = 0.15 and Re,,,, = 40 (circles) is
also plotted for comparison. Inset shows the variation in the short region enclosed by the rectangle. Vertical
dotted lines around kox; = 0 denote the region of unsteady shock movement

shock wave for each (x7, x3,¢), and then by averaging suitably. This corresponds to
the near-field location defined in linear interaction analysis (discussed below) and is
denoted by kox; = 0*. Using this procedure, termed as the threshold method, we get
finite values of the post-shock variances, instead of the very large values obtained
in the conventional averaging method due to the inherent effect of unsteady shock
oscillations (for example, Fig. 4b). We have assessed the accuracy/convergence of the
method and found it to be about 10%.

2.2 Linear interaction analysis
Linear interaction analysis is a theoretical tool, generally used to analyze the shock-

turbulence interaction problem. Initially framed by [38] and [45], the tool has been
extensively used and developed further by many [37,9,11,56,18,17,43,42]. The anal-
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Fig. 4 Same as Fig. 3 but shown for thermodynamic variances. (a) density variance; (b) pressure variance;
(c) temperature variance; (d) entropy variance. All the quantities are normalized by the square of their
corresponding mean values downstream of the shock (o, p4 and T 4) except for the entropy variance
which is normalized by the square of the gas specific heat capacity at constant pressure (cp, ). The quantities

are additionally scaled by the normalized TKE (0. 5u’2 / .)- Lines and symbols are as mentioned in the
caption of Fig. 3 with the insets showing the short reglon enclosed by the rectangle

ysis relies on the assumptions that the characteristic length and time scales associated
with the shock are very small compared to that of the turbulence, and that the ampli-
tude of the fluctuations in the flow field upstream of the shock are small compared to
the mean state.

A single vorticity wave in two-dimensions (x1, x») of amplitude A,, whose wavenum-
ber vector K is inclined at an angle ¢ with the x; direction is being convected by a
one-dimensional (1D) uniform mean flow of velocity u;,, towards the normal shock
as shown in Fig. 6a. The shock deforms in response and the position of the unsteady
shock is given by &(xp,1).

The generated acoustic waves are inclined at an angle zZ and the entropy waves
are at an angle i in the downstream region. The refracted vorticity wave is aligned in
the same direction as the entropy wave. The wavenumber vector of the acoustic wave

is represented by K and that of the non-acoustic wave is given by k. The post-shock
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Fig. 5 Schematic of the threshold method for obtaining near-field values. (a) Representative schematic
showing instantaneous (solid lines) and mean (dashed lines) profiles. The dilatation value used as the
threshold to identify the extent of the instantaneous shock is shown by a horizontal dash-dotted line.
The vertical dashed lines represent the mean shock thickness and the vertical dotted lines represent the
instantaneous shock thickness. The edges of the instantaneous shock are denoted by (xi;’u, xi &) and that
of the mean shock are shown by (X, ., Xs,4). (b) Schematic reproduced from a flowfield in the case of
M, =150, M;, =0.15 and Re, , = 33. Dilatation (solid line with squares) is normalized by ko1,
whose scale is given at the left axis. Density (dash-dotted line with circles) is scaled by p,, and its values
are given at the right axis. The symbol x marks the instantaneous downstream location (xi . 4) obtained
using the 1% threshold value, and is extended to the density curve by a thin dashed line. The grid point
enclosed by the hollow rectangle is the location from which the values are computed as kgx; = 0% (or
near-field) values

acoustic waves can be either propagating or decaying depending on the angle of the
incident wave. There exists a critical angle . for ¢ € [0, /2] beyond which the
acoustic waves decay immediately behind the shock.

The linearized Euler equations are solved to study the interaction between isotropic
turbulence and the normal shock wave, which is modeled as a discontinuity. Linearized
Rankine-Hugoniot (RH) conditions are used as the boundary conditions at the shock
wave to obtain the post-shock field. The upstream turbulence is represented as a super-
position of plane waves (Fourier modes), with each of them independently interacting
with the shock. The two-dimensional (2D) single wave analysis is then extended
to the analysis of three-dimensional (3D) isotropic turbulence interacting with the
normal shock by making use of the axisymmetric nature of the problem. A cylindrical
coordinate system is adopted for the 3D analysis with the incident wavenumber vector
lying in the e, — e, plane and this plane makes an angle ¢ with the x3 direction
as shown in Fig. 6b. The post-shock field thus obtained is then integrated over all
of the incident waves to obtain a statistical description of the turbulence behind the
shock wave. The turbulence statistics are functions of the distance behind the shock
wave, the Mach number of the upstream mean flow, and the incident turbulence
energy spectrum. LIA predicts a jump in the turbulent fluctuations across the shock
discontinuity, followed by an adjustment region. The inviscid adjustment is a result
of the decaying acoustic energy corresponding to the elementary wave interactions
with ¢ > ¥, and is described in [43]. The turbulent statistic computed at x; = 0%,
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Fig. 6 Linear interaction analysis framework to study the interaction of isotropic turbulence with a normal
shock. (a) Schematic of a single vorticity wave interacting with a normal shock and yielding three types
of Kovdsznay’s linear waves. (b) Coordinate system used in the 3D analysis of the interaction of isotropic
turbulence with a steady shock wave

immediately behind the shock is termed as the LIA near-field value, whereas the
X1 — oo asymptotic values are called LIA far-field.

2.2.1 Kovdsznay modes

Kovdsznay showed that small perturbations in a compressible turbulent flow can be
decomposed into vortical, entropy and acoustic components, which evolve indepen-
dently in the linear inviscid limit. This forms the foundation of the LIA framework,
and is used here to decompose the post-shock thermodynamic fluctuations namely,
density (p”), pressure (p’), temperature (7”), and entropy (s”) into their respective com-
ponent modes. The objective is to use the modal decomposition to gain insight into
the thermodynamic fluctuations generated behind the shock wave and their variation
with the shock Mach number.

The post-shock thermodynamic field is due to the acoustic and the entropy modes
generated by the shock wave. The acoustic mode consists of isentropic pressure,
density and temperature fluctuations, and a dilatational velocity field. The entropy
mode, on the other hand, consists of isobaric temperature and density fluctuations.
The post-shock entropy fluctuations therefore correspond to a pure mode, and the
pressure fluctuations generated at the shock are taken to be entirely due to the acoustic
mode.

We note that the different Kovasznay modes are governed by different physical
processes. Hence, identifying the modal contributions allows us to investigate the
physics behind the observed trends in the post-shock thermodynamic field. A similar
Kovésznay mode decomposition of the turbulent energy flux generated by a shock
wave is reported in [42], where the modal decomposition is used to investigate the
peak positive turbulent energy flux in the post-shock flow. The modal contributions are
also used successfully to develop advanced turbulence models for the turbulent heat
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flux in canonical shock-turbulence interaction [41] and a variable turbulent Prandtl
number model for shock-boundary layer flows [47].

The LIA solution in the post-shock region is a superposition of acoustic, entropy
and vorticity waves (denoted by subscripts a, e and v respectively), with a collection
of orientation angles and wavelengths. The density variance is thus (since the pure
vorticity contribution, p&’v =0),

PPy = (Pl a ¥ P ) = Pl aPlya* PuePe 2P aPle (1)

which allows us to decompose the full density variance into a pure acoustic contribu-
tion (the first term), a pure entropy contribution (the second term), and a combined
acoustic/entropy contribution (the third term). These correlations are hereby denoted
as aa, ee, ae respectively. A similar decomposition is done for all other quantities.
Further details about this decomposition procedure can be found in [42] and in [37].

2.2.2 Convergence to LIA values

Scale separation (defined as 7,,/d5) poses a physical problem in shock-resolved sim-
ulations and is necessary to ensure that the shock width and the turbulence scales
do not overlap. In the shock-capturing simulations where the viscous shock profile is
replaced by a numerical shock, a large scale separation would imply that the numer-
ical shock-capturing methodology does not alter the post-shock turbulence i.e., the
turbulence is resolved albeit the shock is captured [30,26]. Recently, Tian et al. [54]
discussed extensively on this scale separation ratio (defined as 7,,/6,) and used the
ratio as a measure to verify the shock-capturing framework of numerical simulations.
By systematic variation of M; and Re,, Tian et al. [54] were able to show convergence
of Reynolds stresses obtained from shock-captured simulations to the LIA solutions
which are also in agreement with the results of low M; , shock-resolved simulations
of [48]. Boukharfane et al. [5] took a different approach where they used the similarity
scaling of Donzis [6, 7] to show scale separation in their simulations and subsequently,
the convergence towards LIA solutions.

The present simulations are for a constant M,, and Re,, values, making it
difficult to check for convergence to LIA values. We therefore use the dataset of
Larsson et al. [26] for verifying the convergence to LIA results, since the same
numerical methodology was used in their work. We adopt the approach of [54] to
discuss on the convergence to LIA values as M;,, — 0 (negligible nonlinearity) and
Re, ,, — oo (towards inviscid limit) for the numerical methodology used in the current
work. Figure 7 shows the convergence of different statistics towards the LIA values as
the upstream turbulent Mach number (M, ,,) is reduced for the case of M,, = 1.50 and
Re,,, = 40. The convergence towards LIA indicates that there exists a sufficient scale
separation between the shock wave and the incoming turbulence [48,34,54], even
for the low Taylor-scale Reynolds number considered in the study. The results from
the datasets of [26] are also presented in [5] as a function of the scaling parameter
provided in [6,7] where they have also showed a similar convergence to the LIA
solution as the scaling parameter (M, ,, / [Re%i (M,, — 1)]) is reduced.
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Fig. 7 Spatial variation of thermodynamic fluctuations for the case of M, = 1.50 with M, = 0.15
(squares), 0.22 (circles), 0.31 (upward triangle), 0.38 (downward triangle) and Re,, , = 40: (a) shock-
normal Reynolds stress; (b) transverse vorticity variance; (c) density variance; (d) pressure variance. The
Reynolds stresses and the vorticity variances are normalized by their upstream mean values. The density
and the pressure variances are normalized by the square of their downstream mean values and by the
normalized TKE. Hollow symbols are from the data of Larsson et al. [26] and filled symbols (diamonds)
are from the case of M,, = 1.50, M, ,, = 0.15 and Re,,,, = 33 in the present simulations. The direction
of arrow indicates increasing value of M, ,,. Vertical dotted lines around kox; = 0 denote the region of
unsteady shock movement for the case from the present simulations

The effect of Taylor-scale Reynolds number on the statistics related to velocity
components are discussed in detail in [26] and for the turbulent heat flux in [43]. We
found similar effect for the thermodynamic variances also (not shown), where they
converge to the LIA solution as the Reynolds number is increased.

We conclude this section by mentioning that the upstream turbulence used in the
LIA is isotropic, purely vortical in nature with no thermodynamic fluctuations, and
has the form of decaying von Kdrman energy spectrum given in [25]. The turbulence
database used in the numerical simulations is however little different, in the sense that
the total energy is composed of 99% solenoidal fluctuations and 1% of compressible
fluctuations.



16 Y. P. M. Sethuraman et al.

3 Results and Discussion

We compare the thermodynamic variances (p’2, p’2, T2, s’’?) obtained from the
shock-captured DNS of canonical shock-turbulence interaction with the LIA pre-
dictions. Following the Kovasznay decomposition, we first present the pure mode
fluctuations, i.e., pressure and entropy variances. We next discuss the temperature
and density fluctuations, which have contribution of the acoustic and the entropy
modes. We normalize the density, pressure and temperature variances by the square
of their respective mean downstream values (ﬁz, [_7‘21, Tj). The entropy variance is
normalized by the square of the gas specific heat capacity at constant pressure (clz,).
Additionally, the variances are scaled by the upstream turbulent kinetic energy di-

vided by the square of the upstream mean shock-normal velocity (O.5ufu /ﬁiu). This
helps to compare different cases with varying upstream turbulence intensities. It also
quantifies the conversion of upstream turbulent kinetic energy, primarily in the vorti-
cal component, into thermodynamic fluctuations by the shock wave. The streamwise
coordinate is normalized by the peak energy wavenumber (kg) in the upstream field.
This normalization procedure is used throughout this article, unless otherwise spec-
ified. For comparisons between the LIA and the simulation data, we use f” and f”
interchangeably in the manuscript.

3.1 Pure modes

Figure 8a presents the pressure fluctuations computed from simulations and LIA for
two Mach numbers. The shocks are located at kgx; = 0, and the region of unsteady

shock oscillations are marked by vertical lines. The pressure variance p’? exhibits a
large jump at the shock wave, followed by a rapid decay in the downstream flow. There
is amismatch between the LIA and the simulation decay rates (prominent for the higher
Mach number), but the simulation far-field values are found to be comparable to those
obtained from the LIA. The pressure variance obtained from the numerical simulation
is higher than the LIA predictions in the range of 0" < kgx; < 6. This is possibly due
to non-linear effects at finite M;, and are expected to vanish in the limit M; — 0. The
pressure field is dominated by the pressure-dilatation effect, as per the budget data
in Sect. 4.2, which is an inviscid mechanism. The fact that the pressure fluctuations
approach a finite asymptotic value far away from the shock is entirely consistent with
the notion that the shock produces a far-field radiating sound field. There are negligible
pressure fluctuations in the flow upstream of the shock wave, and this is consistent
with the purely vortical turbulence (/14 = p/EA = T/EIA = §/LIA — () assumed in
the linear theory.

The post-shock variation of s’2 shown in Fig. 8b is qualitatively different in the
sense that it does not exhibit a rapid exponential decay as the pressure variance. There is
ajump across the shock, as expected, followed by a gradual decrease in the downstream
flow. The LIA predictions match the simulation values obtained immediately behind
the shock, but do not reproduce the post-shock decay in the entropy variance. The

interaction yields locally high values of 5’2 in the shock region due to the unsteady
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oscillation of the shock wave. The same is true for the pressure variance in Fig. 8a.
The results are similar to those presented in Ref. [42], and reproduced here with the
present data for completeness.

The Kovasznay modes of entropy and acoustics are fundamentally different in
terms of their evolution behind the shock wave. As per LIA, the majority of the acoustic
energy decays with distance from the shock wave; in particular, those associated with
the single-wave interactions exceeding the critical angle. On the other hand, the entropy
mode generated at the shock propagates downstream without any change in amplitude
as per the linear inviscid framework adopted by LIA. The thermodynamic field, with
contribution from the acoustic and the entropy modes, exhibit a combination of these
trends, as discussed subsequently.

M, = 1.5 (scaled up by factor of 5)

5 0 5 ) 6 8 70

-0.1

Ko X,
@ P2/ 1 O0.5ul, /i) () (2/c2) 1 (O.5uP, fi,)

Fig. 8 Spatial variation of normalized (a) pressure and (b) entropy variances for M,, = 1.5 (solid, squares)
and 3.5 (dashed, circles). Lines represent LIA solution and symbols represent results from the present
simulations. Note that the entropy variances generated by the Mach 3.5 shock wave is larger than that of
the Mach 1.5 shock wave, at least by an order of magnitude; hence the data of M = 1.5 is scaled up by a
factor of 5 to appear in the same plot. The vertical dotted and the dashed lines around kgx; = 0 correspond
to the region of unsteady shock movement for the Mach 1.5 and 3.5 cases respectively

3.1.1 Effect of M, on the pure modes

Next we study the post-shock pressure variance as a function of shock strength in
Fig. 9a. The data from the present simulations (finalized cases given in Table 1) and
the cases of M;,, = 0.22, Re,,, = 40 of [26] are compared with corresponding LIA
solutions. Ideally, we would like to assess the far-field LIA predictions, but the viscous
decay in the simulation data makes this difficult; we therefore perform the assessment
at multiple x; locations between kogx; = 1 and farther downstream. The results show a
monotonic increase in p’2 with shock strength, and the simulation data, irrespective of
the location, match the trend observed in the LIA predictions. In fact, the higher kgx;
values are closer to the LIA curves, which collapse to the asymptotic far-field solution
predicted by the linear theory. There are discrepancies at lower Mach number, as well
as at lower kox; (for higher Mach numbers), which are similar to those presented in
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Fig. 8a. These discrepancies are attributed to the nonlinear effects due to finite M,
(see Fig. 7d).

The entropy variance plotted in Fig. 9b also shows a monotonically increasing trend
with shock strength, but it seems to saturate at high Mach numbers. LIA predict a single
value of 5’2 for a given Mach number, whereas the entropy variance in the simulations
continuously decreases with distance from the shock wave, owing to viscous effects.
The far-field simulation data does not collapse, unlike the pressure variance; in fact, the
decay appears to be stronger at high Mach numbers only, indicating a higher viscous
effect behind stronger shocks. Comparing the kgx; = 1 values of the entropy variance,
there is excellent match between the simulation values and the LIA predictions, for
the entire range of Mach numbers. The only exception is at low Mach numbers
(M = 1.23/1.27), where the simulation data is under-predicted by the linear theory.
This could possibly be a result of the small amount of entropy fluctuations in the
upstream flow, which is not accounted for in the LIA predictions.

The variation of p’2 and 5’2 at low Mach numbers show interesting differences.
The post-shock entropy fluctuations take very low values for transonic shock waves,
whereas the pressure fluctuations increase rapidly to values that are two or more
orders in magnitude higher than s’ at comparable Mach numbers. This has important
consequences on the thermodynamic fluctuations, which have contributions from both
the acoustic and the entropy modes. Further, the far-field pressure variance appears to
saturate in the range 1.2 < M,, < 1.4, before rising again for higher Mach numbers.
Similar trends are also observed in other thermodynamic variances, as discussed
subsequently.

The current numerical simulations are for an upstream turbulent Mach number
of 0.15, which is lower than that in the Larsson et al. [26] cases (M, , = 0.22) used
for comparison. The pressure and the entropy variances obtained from the current
simulations are arguably closer to the LIA results, which are valid in the limit of
M; — 0. See, for example, the s’2 data for M,, = 2.5 and 3.5, and the p’?> data
for M,, = 1.5 and 2.5. Shock-captured DNS data at higher M; cases, available from
Ref. [26] provided in Fig. 7 show the same qualitative variation, as presented in Figs. 8
and 9. The present simulations also differ in terms of the Taylor-scale Reynolds number
from the cases of Larsson et al. [26] and thus, the spatial decay in the post-shock region
between the two datasets are slightly different.

Figure 10 presents the LIA near-field predictions, where the pressure variance
(Fig. 10a) is the value prior to the exponential decay, and it is 2 — 5 times larger
than that at kox; = 1 presented in Fig. 9a, especially at low Mach numbers. The LIA
pressure variance data has a non-monotonic trend with the highest value obtained
at Mach 1.2, but it saturates to a finite value in the hypersonic limit. The near-field
entropy variance (Fig. 10b) is identical to the far-field values, owing to the zero
streamwise variation in 5’2 as predicted by LIA.

As noted earlier, it is difficult to obtain the near-field variances using conventional
(fixed point) averaging of the simulation data. The high values of the thermodynamic
fluctuations computed in the region of the shock wave are largely due to the unsteady
shock oscillation. On the other hand, the statistics computed at the edge of the mean
shock thickness is strongly affected by the rapid exponential decay, at least for the
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Fig.9 Variation of normalized (a) pressure and (b) entropy variances at four different downstream locations
from LIA (lines) and simulations (symbols): kgx; = 1 (solid, squares), 3 (dashed, circles), 6 (dash-dotted,
triangles), 12 (dash-double dotted, diamonds). Open symbols are from Larsson et al. [26] data for the cases
of M, =0.22, Re,,, =40 and filled symbols are from present simulations (given in Table 1).

pressure variance. By comparison, the threshold method computes statistics based on
the data at the edge of the instantaneous shock. It follows the idea of near-field LIA
solution closely, and captures the fluctuation levels that are largely unaffected by the
post-shock variations. It is found that the pressure and the entropy variances obtained
using the threshold method match the LIA results closely. Note that the simulation
data corresponds to the STI cases computed in the current work, as the instantaneous
shock data is not available from the earlier scDNS cases of [26].

Ref. [42] present the pressure and the entropy variances for the different Mach
number cases of [26]. The near-field data in Ref. [42] is obtained by extrapolating the
post-shock value back to the shock center. The procedure is prone to error, because of
the large gradients in the pressure variance behind the shock wave. This is especially
true at low Mach numbers, as noted in [42], with large region of unsteady shock
oscillations, and this precludes accurate computation of the near field statistics from
the simulation data. The threshold method, on the other hand, gives more reliable
near-field data from the scDNS solution and they show excellent match with LIA
result for a wide range of Mach numbers.

To show the effectiveness of the threshold method, the results obtained from the
sequence of grids provided in Table 1 are also presented in Fig. 10. The threshold
method is highly sensitive to the shock-normal grid spacing due to the inherent use
of dilatation as the threshold quantity. The largest error in the statistics between two
consecutive finer grid spacings in the shock-normal direction for the same transverse
grid spacing is found to be slightly less than 10%. The statistics obtained using the
threshold method, though having a relatively large error, are found to be close to the
LIA near-field values presented.
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Fig. 10 Variation of normalized (a) pressure and (b) entropy variances at kgx; = 0% (in LIA) and
the instantaneous shock location (in simulations) obtained using the threshold method. Lines represent
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3.2 Temperature fluctuations

The temperature variance shown in Fig. 11a is similar to p2 (Fig. 8a), with high
values across the shock that decay rapidly in the downstream flow. Additionally, the
temperature fluctuations exhibit a slower but steady decrease farther away from the
shock wave (kgx; > 2). This is more prominent in the higher Mach number case, and
is akin to the decay of entropy fluctuations observed earlier. Shock-captured DNS data
presented in Refs. [12,13] show similar trends. On the other hand, the temperature
variance reaches an asymptotic far-field value in the LIA solution.
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Fig. 11 Spatial variation of normalized temperature variance (T_’Z/TZ) / (0.5u:.2u /ﬁiu) (a)forM,, = 1.5
(solid, squares) and 3.5 (dashed, circles) with lines representing LIA solution and symbols representing
current simulations; (b) components of the variance obtained by the Kovdsznay type mode decomposition

for M,, = 3.5 case.



Thermodynamic fluctuations in canonical shock-turbulence interaction: effect of shock-strength 21

The spatial variation of the temperature variance is explained in terms of the
Kovasznay modes for the Mach 3.5 case in Fig. 11b. The results are qualitatively
similar to that for Mach 1.5 in Ref. [42], except for the large entropy component at the
higher Mach number. The far-field 772 is almost entirely given by the ee-component,
which is invariant in kox; as per the inviscid analysis. The post-shock rapid decay in
T2 is due to the aa- and ae-components, both related to the acoustic mode generated
at the shock wave. All the components are positive for the temperature fluctuations,
giving a large value at the shock and they together give a monotonic decay of 772 to its
far-field value due to the decrease in the acoustic components along the shock-normal
direction.

A comparison of the temperature fluctuations computed at different streamwise
locations in Fig. 12a shows an M? increase with shock strength, except for a small
range of non-monotonic variation near Mach 1.2. The LIA results are qualitatively
similar to the pressure variance, with the different kox; curves collapsing to the far-
field value of 7/2. The simulation data, by comparison, exhibits the steady decrease
with kgx1, akin to the entropy variance plotted in Fig. 9b, especially at high Mach
numbers. In spite of the scatter, the data points follows the trend in the LIA curves
well, for the entire range of Mach numbers.

The simulation statistics computed using the threshold method (Fig. 12b) shows
a much better match with the near-field LIA predictions. The values are, once again,

higher by about an order in magnitude compared to the far-field 7’2 at a given Mach
number. The simulation data points are limited to Mach 3.5, corresponding to the
current simulations, and it is lower than the LIA results.
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Fig. 12 Variation of normalized temperature variance (72 /Ti) / (O.Sugzu /ﬁ% L) at various streamwise
locations (a) : kox; = 1 (solid, squares), 3 (dashed, circles), 6 (dash-dotted, triangles), 12 (dash-double
dotted, diamonds) locations where, lines represent LIA solution and symbols correspond to simulations
as given in figure 9, and at (b) kgx; = 07 (near-field) location where the downstream statistics from the
simulation data were collected at the instantaneous shock location using the threshold method. The line
and symbol types, and the error bar values are as mentioned in the caption of Fig. 10

Figure 13 presents the Kovdsznay mode decomposition of the LIA temperature
variance and is plotted as a function of the shock Mach number. The far-field data (in
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Fig. 13b) shows that the temperature fluctuations at high Mach number are entirely due
to the entropy mode, whereas the acoustic mode is dominant in the transonic range.
This is similar to the observation in Ref. [42] in terms of the percentage contribution
of each component to the temperature variance. Interestingly, the data presented here
shows that the non-monotonic behavior of far-field 7’2 with Mach number is caused
by the switch (around M,, = 1.4) between the acoustic and the entropy contributions
to the temperature field. The near-field data (in Fig. 13a) has a similar trend, except for
a large contribution from the correlation between the acoustic and the entropy modes
for M,, > 2. The ae-component dies down quickly, and has a vanishing magnitude
in the far-field, owing to the different wave speeds of the acoustic and non-acoustic
modes. For the propagating acoustic waves, the integration of the ae-correlation term
can be shown to algebraically decay with x; [35,11].
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Fig. 13 Variation against shock-strength for the Kovdsznay components in normalized temperature variance
(T2 /Tf,) 10.5u?, /ﬁi ,,) taken from the locations (a) kox; = 0% and (b) kox| = 27

3.3 Density fluctuations

The density variances plotted in Fig. 14 exhibit different qualitative variation at Mach
1.5 and 3.5. At the lower Mach number, it attains relatively high values across the
shock, followed by a rapid decay in the downstream flow, similar to pressure and
temperature variances presented earlier. LIA results, once again, compare well with
the scDNS data, similar to pressure and temperature variances presented earlier.

At the higher Mach number, the simulation density variance has a non-monotonic
variation behind the shock, with a peak value around kgx; = 1. The trend is similar
to that of the shock-normal Reynolds stresses [30,36,27,26] and the turbulent energy
flux [43], and is also observed in LIA. The LIA gives low density fluctuations in the
near-field (kgx; = 0%) and it increases rapidly to high far-field values. As earlier, the

linear theory results reach an asymptotic finite o2 far away from the shock, whereas
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Fig. 14 Spatial variation of normalized density variance (p_’z/,B /! (O.Sugzu /ﬁi ) for My, = 1.5 (solid,
squares) and 3.5 (dashed, circles) with lines representing LIA solution and symbols for current numerical
simulation results

the simulation data shows a steady viscous decay downstream of the local peak behind
the shock wave.

We use Kovasznay mode decomposition of the density variance (Fig. 15) to explain
the non-monotonic behavior observed behind strong shocks. As expected the acoustic
components have an exponential variation with x|, while the entropy component is
constant in the downstream flow. The aa- and ee-components are positive, while the
correlation between the acoustic and the entropy modes has a negative contribution
to the density variance. In the acoustic-adjustment region (0 < kox; < 2), the balance

between all the three components determine the behavior of 0’2, Atlow Mach numbers,

the variation of p’2 in the post-shock field follows a monotonic decay due to the small
magnitude of the ae-component. By comparison, the large negative ae-contribution

to p’? at Mach 3.5 counters the positive pure-acoustic component resulting in a non-
monotonic variation behind the shock wave. This, along with the viscous decay in the
far-field, results in the local peak in the density variance observed in the Mach 3.5
simulation data plotted in Fig. 14.

3.3.1 Effect of shock strength on the density fluctuations

Figure 16a plots the variation of density fluctuations with Mach number at different
locations downstream of the shock. All the LIA curves converge to the far-field p’
values, except for minor variations at low Mach numbers. As expected, the density
variance increases with shock strength, but saturates in the limit of M,, — oo. This
is unlike temperature and pressure fluctuations presented earlier, which follow an
ML% scaling in the hypersonic range. Interestingly, LIA predicts that the post-shock
fluctuations in pressure, density and temperature scale with their respective post-
shock mean values. For a fixed upstream thermodynamic state, the mean pressure and
temperature continue to increase at high Mach numbers, and the same is true for the
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corresponding fluctuations. By comparison, a finite asymptotic density jump in the
hypersonic limit results in a finite p’/p as M,, — co.

The simulation data points at the different spatial locations follow the LIA trend
with increasing Mach number. The variations are similar to that of the temperature
fluctuations shown in Fig. 12a, such that the LIA values are lower than simulations
for locations closer to the shock, and are larger than the simulation values further
downstream. Once again, the scatter in the simulation data is due to viscous effects,
which appear to increase with Mach number as the magnitude of the post-shock
density variance increases. The almost uniform decrease in p’2 values for high shock
strengths indicates that the decay is similar to the decay due to viscous effects and
increase linearly with kgx;.

Kovasznay mode decomposition for the far-field density variance is plotted as a
function of the shock Mach number in Fig. 16b. The data corresponds to kox; = 27
and there are minimal changes beyond this value. Both the entropy and the acoustic
contributions increase with Mach number, with a large ee-component in the high Mach
number interactions and the aa-component dominating at low Mach numbers. The ae-
contribution to the far-field density variance is vanishingly small, as the correlation
between the acoustic and the entropy modes decay away from the shock wave. A
small plateau is visible in the lower Mach number range, and it is characteristic of the
acoustic mode (in Fig. 9a). The switch between the dominant aa-component to the
large ee-component occurs near Mach 1.6, resulting in a further rise in p’2 with Mach
number.

The LIA near-field density variance (Fig. 17a) show a unique variation with
Mach number. It increases to attain a peak value for Mach 1.2 and then decreases
at higher Mach number. As per the Kovdsznay mode decomposition in Fig. 17b,
this non-monotonic variation is caused by a rapid increase in the magnitude of the
ae-component at higher Mach numbers. It is found that the acoustic and the entropy
components of the density field are out-of-phase with each other. A large negative ae-
component cancels the positive aa- and ee-contributions to result in vanishingly small
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Fig. 16 Variation of normalized density variance (o2 //_331) / (0.5u;2u /ﬁ% ) againstupstream Mach number
at (a) the kox; = 1 (solid, squares), 3 (dashed, circles), 6 (dash-dotted, friangles), 12 (dash-double dotted,
diamonds) locations. Lines represent LIA solution and symbols correspond to the simulations as given in
figure 9, (b) Kovasznay mode components of the density variance at the far-field region (kgx; = 27)

near-field density fluctuations in the limit of infinite shock Mach number. The density
statistics computed using the threshold method also shows a similar non-monotonic
trend with Mach number. The values computed at Mach 1.5 and 2.5 are comparable to
the LIA results. On the other hand, the threshold method under-predicts the near-field
density variance at the weakest interaction case (Mach 1.23) and over-predicts the
LIA value for Mach 3.5. The reason for these discrepancies is not known.
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Fig.17 Variation of normalized density variance (02 /p )/ (O.SMfu /Ei ,.) againstupstream Mach number
at (a) kox; = 0% location where the downstream statistics from the simulation data (symbols) were collected
at the instantaneous shock location using the threshold method. The line and symbol types, and the error
bar values are as mentioned in the caption of Fig. 10. (b) Kovdsznay mode components of the density
variance at the near-field region (kox; = 0%)

We conclude this section by emphasizing that the shock generates thermodynamic
fluctuations even in the absence of thermodynamics in the upstream turbulent field.
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The post-shock field is found to be isentropic only for weak shock strengths (M,, < 1.7)
by comparing the polytropic exponents relating the density, pressure and temperature
fluctuations via the isentropic relation, which was also shown in [30]. These results
apply to vortical turbulence upstream of the shock wave, and not for inflow turbulence
with considerable amount of entropy and acoustic fluctuations (> 50%) as considered
in [35,14,37,36,20].

4 Budgets of thermodynamic fluctuations

The different post-shock behavior exhibited by the different thermodynamic variances
for varying Mach numbers is explored further in terms of their transport equation.
Shock-captured DNS data is used to compute the budget of the source terms, so as
to identify the dominant physical mechanisms responsible for a particular post-shock
behavior. Note that the transport equations presented in this section are for steady
one-dimensional mean flow encountered in canonical shock-turbulence interaction. A
more detailed description of the transport equations for the thermodynamic variances
can be found in [10].

4.1 Density variance

The transport equation for density variance (p’2) can be obtained by multiplying o’
to the continuity equation and taking the respective averages. For canonical shock-
turbulence interaction with a steady mean shock (9; = 0) and one-dimensional mean
flow, the averages are functions of the shock-normal direction x; only and 6x27 =
6,(3? = 0, where dy, and 9, corresponds to derivatives in shock-parallel directions.
The transport equation thus reduces to,

Ox, (1 p?) = =0y, (pu)') =20 05,1 — 2p'uy 05, p
————

Convection Diffusion Production )
— ’” 9 ’”
—2pp’6xjuj -p (9xjuj,
Dilatation

where 0y, indicates derivatives taken in the shock-normal direction.

Figure 18 shows the budget of the terms in the transport equation for density
variance for the four scDNS cases computed as part of the current work. The term on
the LHS of Eq. (2) is the convection term, which is the transport of density variance
by the mean velocity field. The convection term is usually negative and for the sake
of easy comparison, the negative of the convection term is shown in the figure. The
last two terms represent dilatation effect on density fluctuations, with the second
term being of higher order, and hence has negligible contribution. The first dilatation
term is the primary source term in the post-shock evolution of density variance, and
is comparable to the convection term. This is similar to that reported by [14] for a
Mach 2 shock-turbulence interaction. In the absence of a strong mean compression
outside the region of unsteady shock motion (shown by the vertical dotted lines near to
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kox; = 0), the fluctuating dilatation is the main contributor to the source terms as well
as the overall budget. The density-dilatation correlation is positive for the first three
cases resulting in a negative source term. It monotonically decreases in magnitude
with increasing distance from the shock wave with a small exception for kox; < 1
in the M,, = 2.5 case. For the Mach 3.5 interaction, the convection and dilatation
terms have a non-monotonic variation, similar to the spatial variation of the density
variance in this case. The budget terms change sign behind the shock wave, and the
zero crossing corresponds to the peak in the density variance observed in Fig. 14.

The diffusion term (first term on the right-hand side) represents the turbulent
transport of density fluctuations in the post-shock flow. It is of an order higher than
the convection term and is expected to have a small contribution. The production
term generates density fluctuations through the gradient of mean quantities (density
and velocity). Larsson and Lele [27] report small variation in the mean velocity and
density in the region immediately behind the shock. This is due to the fact that the
jump conditions across a shock wave are slightly different for a turbulent flow than
the standard RH conditions for flows without fluctuations [32]. Small variation in
mean quantities behind the shock results in a finite gradient in the shock-normal
direction, which in turn results in a non-zero production term behind the shock wave.
The inset in each sub-figure of Fig. 18 shows a highly magnified view of the region
immediately behind the shock, where the diffusion and production terms have non-
negligible contribution. The diffusion and the production terms are indeed smaller
than the dominant terms by at least an order of magnitude. The error computed as the
sum of all the terms in the transport equation (with the convection term placed on the
RHS) is also found to be small.

4.2 Pressure variance

The transport equation for pressure variance (p’2) is obtained by taking a moment
of the pressure transport equation with p’. The transport equation for instantaneous
pressure can be obtained from the energy conservation equation using the relation
p = (y—1)pe', where ¢! = ¢,T is the internal energy and c, is the gas specific heat
capacity at constant volume. The simplified version of the pressure variance transport
equation for the canonical shock-turbulence interaction is given by,

By, (@1 p2) = =0y, (p2u!!) + 2(y = D[dy, (P'q1)]
———

Convection Diffusion

~2p"u 3 B~ 2(y = DpP Oy iy +2(y — Dp'oiy O,

Production (3)
~2ypp’Ox;uf — (2y = Dp™0x,u

Dilatation

=2(y = 1)q;j 0x,p’ +2(y = D)p'oyj Ox,u,

Dissipation Triple correlations
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Fig. 18 Budgets of terms in the transport equation of p’2 for different Mach numbers: (a) M,, = 1.23, (b)
M, =1.50,(c) M,, =2.50and (d) M,, = 3.50 from the present simulations. Convection is shown by solid
lines, diffusion by dashed lines, production by dash-dotted lines, dilatation by dash-double dotted lines,
and the sum of all terms are shown by square symbols. The density variances are normalized as mentioned
in Sect. 3, i.e., by the square of downstream mean density (/_)31) and the normalized upstream turbulent
kinetic energy (0.5 ufu /ﬁi .)- The derivative operator is normalized by the peak energy wavenumber (ko)
and the upstream mean shock-normal velocity (i, ), whereas the streamwise direction is normalized by

the peak energy wavenumber. Region of unsteady shock motion is shown by a grey band. Inset shows the
contribution of the production and the diffusion terms which are at least an order of magnitude lesser than
the dominant terms

The transport equation for pressure variance has a form similar to that of the
density variance presented above, with terms representing mean convection, diffusion,
production and dilatation. In addition, there is dissipation effect and a triple correlation
including viscous stresses. The dissipation term consists of the product of the gradients
in fluctuating pressure and temperature with the conductivity of the fluid, whereas
the triple correlation can be interpreted as a correlation of the pressure fluctuations
with the viscous work that contributes to the energy of the fluid element. Both the
viscous correlation and the dissipation terms are found to be negligible in the p’2
budgets computed using the current simulation data. On the other hand, the pressure
dilatation correlation term is the main contributor to the budget, and it is about two
orders in magnitude larger than the other source terms. The first part balances the
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convection term, as in the p’? budget, while the second part of the dilatation term
consists of higher order correlation, and is found to be comparatively small. Unlike
earlier, the pressure-dilatation term is always negative, and it exponentially decreases

with distance from the shock wave - a trend similar to p’2 at all Mach numbers.

The production of pressure fluctuation due to mean pressure gradient depends
on the pressure-velocity correlation. A second production term is given by the mean
velocity gradient in the streamwise direction. These are, once again, found to be negli-
gible, owing to the small magnitude of the post-shock mean field variation. Diffusion
of pressure fluctuations are due to the turbulent transport of pressure fluctuations by
the velocity field, as well as a correlation of the fluctuating pressure with the conduc-
tion heat flux. Both the diffusion terms are much smaller than the dominant dilatation
effect, and this is similar to the density budget presented in Fig. 18.

Figure 19 plots the mean convection and the dilatation source term for varying
Mach numbers. All the curves are qualitatively similar, and there is a clear trend
of an decrease in magnitude with increasing Mach number. The data is normalized
by the upstream turbulent kinetic energy, where the mean shock-normal velocity
is normalized by its upstream mean value and the thermodynamic fluctuations are
normalized by their respective mean values downstream of the shock wave.
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Fig. 19 Budgets of terms in the transport equation of p’2 for different Mach numbers: M,, = 1.23 (solid),
M, = 1.50 (dashed), M,, = 2.50 (dash-dotted), M,, = 3.50 (dash-double dotted) from the current
simulations. The pressure variances are normalized as mentioned in Sect. 3 and the derivative operator is
normalized by the factor kouy ,,. Convection terms are represented on the positive axis and the dilatation
terms are shown at the negative axis. Region of unsteady shock motion for M,;, = 3.50 (thinnest shock)
case is shown by the grey band. Production, diffusion, dissipation and triple correlation terms (not shown)
are very small in magnitude compared to the dominant terms

4.3 Temperature variance

We follow the Favre averaging procedure for temperature and thus, the temperature
variance transport equation, given in Eq. (4) is obtained by multiplying pT"" with the



30 Y. P. M. Sethuraman et al.

transport equation for temperature, followed by Reynolds averaging. The transport
equation for temperature is obtained from the internal energy component of the total
energy conservation equation and can also be obtained once the pressure transport
equation is known. The transport equation written for our model problem is given in
Eq. (4).

O, (71 pT"2) = =0y, (pT"2}) + (/) s, (T741)

Convection Diffusion

~20T"u} 0, T — (PT" + p'T")dx, 1ty + (2/¢,)T" 011 Oy iy

Production

—Q/e)PT" Ot} = 2/ cy)p'T" O;u?!

Xy

“4)

Dilatation

=(2/cv)q; 0, T" + 2/, )T" 0 1],

Dissipation Triple correlations

where ¢, = R/(y — 1) and R is the specific gas constant.

The above equation matches term-by-term to the pressure variance equation. There
are minor differences in terms of p’ replaced by pT” and ¢, in place of the factors of y
in Eq. (3). The budget of temperature variance is once again dominated by the acoustic
effect, with a large dilatation source term balancing the convection term behind the
shock wave (see Fig. 20). The main difference is the dissipation term at higher Mach
number. The dilatation effect decays rapidly to take very small values away from the
shock, while the dissipation term shows a slow decrease in magnitude. So, the viscous
dissipation of temperature fluctuations takes over the inviscid dilatation effect at some
distance away from the shock wave. The location of this change moves closer to the
shock with increasing shock strength as the dissipation becomes more negative with
increasing Mach number. Farther away from the shock, the budget is dominated by
the negative dissipation term, which balances the dilatation and convection effects.
Interestingly, the dilatation source term changes sign to become positive for kox; > 1.
This is true for all Mach numbers, and is not seen in the pressure and density budget
plots, except for Mach 3.5 density budget, where the change in sign is associated
with a local peak in the density variance downstream of the shock. The temperature
variance has no such local peak in magnitude, and it is governed primarily by the
viscous dissipation at large distances from the shock wave.

4.4 Entropy variance

Using the fundamental thermodynamic relation, specifically the form of Gibbs rela-
tion: Tds = de—(p/ p*)dp, the transport equation for entropy (s) can be obtained from
the internal energy equation. The transport equation for its variance is obtained by
taking a moment with ps’” similar to the procedure followed for temperature variance
given in Eq. (4). For the case of canonical shock-turbulence interaction, the transport
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Fig. 20 Budgets of terms in the transport equation of p7”2 for two Mach numbers: (a) M,, = 1.50 and (b)
3.50 from the present simulations. Convection (solid), dissipation (dash-dotted), dilatation (dash-double
dotted), and the sum of all terms (square symbols). Sum of production, diffusion, and triple correlation
terms are shown by dashed lines, and are very small in magnitude compared to the dominant terms. The
temperature variances are normalized as mentioned in Sect. 3 and other normalization details follow as
given in the caption of Fig. 18. Region of unsteady shock motion is shown by the grey band

equation is written as,
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The entropy variance transport equation and its budget plots in Fig. 21 are very
different from those for the other thermodynamic fluctuations. The entropy budget is
entirely governed by viscous dissipation term, which includes a product of fluctuating
heat flux vector and entropy gradients in the fluid. There is a slow monotonic decay in
the dissipation rate and the steep gradient in the vicinity of the shock wave is due to un-
steady shock oscillations. The triple correlation term has a non-negligible contribution
to the overall budget, especially at low Mach numbers. It has the usual correlation of
the viscous work with the entropy fluctuations. There is an additional term consisting
of the viscous dissipation of temperature fluctuations and the fluctuating entropy.

The dissipation effect balances the positive convection and small values of triple
correlations for weaker interactions. The magnitude of viscous dissipation increases
with Mach number. A similar increase in the dissipation of temperature fluctuations is
reported in Fig. 20. We note that the entropy being a pure mode, has no contribution
from the acoustic waves generated at the shock. This is evident from the absence of



32 Y. P. M. Sethuraman et al.

the dilatation effect in the 57’2 transport equation. We also identify that the diffusion
term has the same form as earlier, and is negligible except for the immediate vicinity
of the shock wave. Production due to the post-shock gradients in mean entropy, mean
temperature and mean velocity is also small and comparable to the error in the budget.
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Fig. 21 Budgets of terms in the transport equation of ps”2 for different Mach numbers: M,, = 1.23
(solid), M,, = 1.50 (dashed), M,, = 2.50 (dash-dotted), M,, = 3.50 (dash-double dotted) from the current
simulations. The entropy variances are normalized as mentioned in Sect. 3 and other normalization details
follow as given in the caption of Fig. 18. Convection terms are represented on the positive axis and the
dissipation terms are shown at the negative axis. Region of unsteady shock motion for M,, = 1.23 (thickest
shock) case is shown by the grey band. Production, diffusion and triple correlation terms (not shown) are
very small in magnitude in comparison to the dominant terms

5 Modeling implications

We identify that the transport of the thermodynamic variances in the post-shock region
to be dominated by dilatational effects and dissipative mechanisms (see Sect. 4). The
transport equations can be approximated to a suitable degree in the form of,

W, 0 = ~2pp O], (6)
w0, p” ~ ~2ypp O )
W0, ~ =2/ )P T = (2/e) g0 17, ®)
@0, 5" ~ =2(q;/T)0y, 5" )

where only the dominant source terms are retained on the right-hand side.

We note that the dilatation source terms in the transport equations for density,
pressure and temperature variance represent inviscid mechanism; they are devoid
of any viscous or conduction effects. These source terms are also dominated by
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the acoustic mode, which has isentropic thermodynamic fluctuations. The isentropic
relations between p’, p’ and T’ can thus be used for modeling the unclosed correlations
in the respective dilatation source terms. Also note that the isentropic thermodynamic
field is expected to correlate well with the dilatational velocity field, as both correspond
to the acoustic waves generated at the shock wave. The fact that LIA is able to
reproduce the acoustic mode, namely the pressure fluctuations, makes the linear
inviscid framework appropriate for modeling the simplified transport equations given
in Egs. (6) - (8).

The dissipation term in the entropy equation shown in Eq. (9) has to be modeled
differently, as the LIA theory does not provide information on the viscous and heat
conduction effects. We can, however, exploit the entropy mode generated at the shock,
and its isobaric nature to develop closure models for the dissipation source terms in
the entropy and temperature equations. The model equations can be cast in the k — €
framework, in line with the modeling of the vorticity variance and the solenoidal
dissipation rate in Ref. [50]. Also, the variation of the mean conductivity across shock
wave has to be accounted for, akin to the effect of the mean viscosity on the turbulent
dissipation rate. The new physics-based models thus developed can be applied to
canonical shock-turbulence interaction cases from the current simulations as well as
those of Larsson et al. [26]. The magnitude of the thermodynamic variances generated
for different Mach numbers and their post-shock evolution can be compared to the
extensive scDNS statistics and LIA results presented in Sect. 3.

6 Conclusion

In this work, we present shock-captured DNS data for thermodynamic fluctuations
generated by canonical shock-turbulence interaction. A large parameter space in terms
of Mach number is considered, and the available scDNS data is complemented with
new cases computed here. The linear interaction analysis based on Kovdsznay mode
decomposition of the disturbances is applied under the linear inviscid framework.
LIA results are compared with the scDNS data and are further used to investigate the
thermodynamic field in terms of their component Kovdsznay modes.

The simulations predict high values of pressure, density and temperature variances
behind the shock. A new threshold method based on the instantaneous shock dilatation
captures the peak thermodynamic variances by eliminating the large effect of unsteady
shock motion inherent in conventional averaging at a fixed x; location. It gives
excellent match with the near-field (x; = 0%) LIA values. The far-field thermodynamic
variances show steady increase in magnitude with increasing strength of interaction.
There are interesting non-monotonic trends, for example, in the variation of the near

field p’2 values with Mach number. The density variance generated by strong shocks
(M,, > 2.5) also show a non-monotonic variation (and a local peak in magnitude)
with distance from the shock wave. These are caused by the interplay between the
acoustic and the entropy modes generated by the interaction.

Transport equations are written to investigate the varying post-shock evolution of
the different thermodynamic variances. Shock-captured DNS data is used to compute
the budget of the source terms in the flow downstream of the shock interaction for
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a range of Mach numbers. It is found that the budget is dominated by dilatation
effect typical of the acoustics in the near field, whereas the far field variations are
dominated by viscous dissipation and non-linear effects. The only exception is the
entropy variance, which is independent of the acoustic decay behind the shock. The
magnitude of the dissipation term is found to increase with shock strength, such
that it prominently shows up for the temperature variance in the high Mach number
interactions. The budget data is used to write simplified transport equations governing
the thermodynamics variances. These can form the foundation for developing physics-
based turbulence models for the thermodynamic fluctuations generated by the shock
waves. In addition, well-validated LIA results, along with the extensive data presented
in this work, can be used effectively for modeling and validation.
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